Within the class of finite dimensional mesh algebras, we identify those which are symmetric and those whose stable module category is Calabi-Yau. We also give, in combinatorial terms, explicit formulas for the Ω-period of any such algebra, where Ω is the syzygy functor, and for the Calabi-Yau Frobenius and the stable Calabi-Yau dimensions, when they are defined.
on a finite dimensional algebra forces it to be self-injective. When ϕ is the identity (or an inner automorphism), the algebra Λ is called periodic and the problem of determining the self-injective algebras which are periodic is widely open. However, there is a lot of work in the literature were several classes of periodic algebras have been identified (see, e.g., [9] , [16] , [12] ). Even when an algebra Λ is known to be periodic, it is usually hard to calculate explicitly its period, that is, the smallest of the integers r > 0 such that Ω r Λ e (Λ) is isomorphic to Λ as a bimodule. Another interesting problem in the context of finite dimensional self-injective algebras is that of determining when such an algebra is weakly symmetric or symmetric. An algebra is symmetric when D(Λ) is isomorphic to Λ as a Λ-bimodule. This is equivalent to saying that the Nakayama functor DHom Λ (−, Λ) ∼ = D(Λ) ⊗ Λ − : Λ − Mod −→ Λ − Mod is naturally isomorphic to the identity functor. The algebra is weakly symmetric when this functor just preserves the iso-classes of simple modules.
In this paper we tackle the problems mentioned above for a special class of finite dimensional self-injective algebras, which has deserved a lot of attention in recent times. Following [16] , if ∆ is one of the Dynkin quivers A r , D r of E n (n = 6, 7, 8) , an m-fold mesh algebra of type ∆ is the mesh algebra of the stable translation quiver Z∆/G, where G is a weakly admissible group of automorphisms of Z∆ (see subsections 3.1 and 3.2 for definitions and details). By a result of Dugas ([13] [Theorem 3.1]), the m-fold mesh algebras are precisely the mesh algebras of translation quivers which are finite dimensional. This class of algebras properly contains the stable Auslander algebras of all standard representation-finite self-injective algebras (see [13] ) and, also, the Auslander algebras of several hypersurface singularities (see [16] [Section 8]). In fact, due to the classification by Amiot [1] of the standard algebraic triangulated categories of finite type, we know that the m-fold mesh algebras are precisely the Auslander algebras of these triangulated categories. Then any such triangulated category can be identified with the category Λ − proj of finitely generated projective Λ-modules, where Λ is an m-fold mesh algebra, when taking as suspension functor in Λ − proj the functor Ω −3 Λ e (Λ) ⊗ −. Similarly the Serre functor on this latter category is identified with the Nakayama functor D(Λ) ⊗ Λ −. It is well-known (see [16] or [13] ) that Ω 3 Λ e (Λ) ∼ = µ Λ 1 , for an automorphism µ which has finite order as an outer automorphism, so that in particular, all the algebras in the class are periodic, a fact proved in [9] [Section 6] even before the class of algebras was introduced. Therefore the explicit identification of the automorphisms η and µ for all m-fold mesh algebra, which we obtain in this paper (see Theorem 4.2 and Corollary 5.5) translates to an explicit description of the Serre functor and a quasi-inverse of the suspension functor for any algebraic triangulated category of finite type. From previous papers it seems that only the action of these functors on objects was known.
A particular case of standard algebraic triangulated category of finite type is the stable category A − mod of a representation-finite selfinjective algebra A. Within the class of m-fold mesh algebras Λ which are the Auslander algebra of such a stable category, those which are Calabi-Yau-Frobenius and those for which Λ−mod is Calabi-Yau have been completely determined. The task was initiated in in [7] and [15] , but the main part of the work was done in [13] and [25] . In the first of these two papers, Dugas identified such an algebra by the type (∆, f, t)) of the original representation-finite selfinjective algebra A, as defined by Asashiba ([4] ) inspired by the work of Riedtmann ([28] ). He completed the task when t is 1 or 3, and also in many cases with t = 2. In fact the author even described a relationship between the Calabi-Yau condition of A − mod and of Λ − mod (see [13] [Proposition 2.1]). The remaining cases for t = 2 have been recently settled by ). On the question of periodicity, the explicit calculation of the period of an m-fold mesh algebra has been also done in a few cases. From the papers [29] , [17] and [8] we know that the period is 6 for all preprojective algebras of generalized Dynkin type. In [12] and [13] the period is calculated when Λ is the stable Auslander algebra of a standard representation-finite self-injective algebra of type (∆, f, t), when t = 1 or when this type is equal to (D 4 , f, 3), (D n , f, 2), with n > 4 and f > 1 odd, or (E 6 , f, 2). In fact, the author uses these results to calculate the period of the original finite type selfinjective algebra A.
We now explain the main results of our paper. Let B = B(∆) be the mesh algebra of the translation quiver Z∆, where ∆ is one of the Dynkin quivers mentioned above, and let G be a weakly admissible automorphism of Z∆ which is viewed also as an automorphism of B. The algebra B is graded Quasi-Frobenius (see definition 5), which roughly means that B and its category of graded modules behave as a self-injective finite dimensional algebra and its category of modules. The crucial result of our paper is Theorem 4.2, which explicitly defines a graded Nakayama automorphism 4. A criterion for an m-fold mesh algebra to be stably Calabi-Yau, together with the identification in such case of the stable Calabi-Yau dimension (Proposition 5.12, for the case ∆ = A 2 , Corollary 5.18, for characteristic 2, and Theorem 5.19 for all other cases).
We now describe the organization of the paper. In section 2 we recall from [3] the concept of pseudo-Frobenius graded algebra with enough idempotents and the corresponding results which we need in the rest of the paper.
In section 3, we recall the definition of the mesh algebra of a stable translation quiver and give a list of essentially known properties (Proposition 3.1) for the case of the mesh algebra B = B(∆) of Z∆, when ∆ is a Dynkin quiver. We then recall the definition of an m-fold mesh algebra and their known properties, and introduce the notion of extended type of such an algebra, which plays a crucial role in the rest of the paper. With the idea of simplifying some calculations, we end the section by performing a change of relations which, roughly speaking, transforms sums of paths of length 2 into differences.
In section 4 we give the explicit definition of the G-invariant graded Nakayama automorphism of B and give the crucial Lemma 4.3 mentioned above. We then give the list of all weakly symmetric and symmetric m-fold mesh algebras.
In the final section 5 we first calculate explicitly the initial part of a 'G-invariant' minimal projective resolution of B as a graded B-bimodule, We prove in particular that Ω 3 B e (B) is always isomorphic to µ B 1 , for a graded automorphism µ of B which is in the centralizer of G and which is explicitly calculated. Then the induced automorphismμ of Λ = B/G has the property that Ω 3 Λ e (Λ) ∼ =μΛ1 and this is fundamental in the rest of the paper. We then calculate the period of all m-fold mesh algebras and find the precise relation between the Calabi-Yau Frobenius condition of Λ, in the sense of [18] , and the condition that Λ − mod be a Calabi-Yau category. We end the paper by giving necessary and sufficient conditions for a mesh algebra to be stably Calabi-Yau and, when this is the case, we calculate explicitly the Calabi-Yau dimension of Λ − mod.
Pseudo-Frobenius graded algebras with enough idempotents
This section is devoted to compiling from [3] information concerning the class of pseudo-Frobenius graded algebras with enough idempotents, which will very useful in the subsequent sections. The reader is referred to that paper for proofs and further details.
Let A be an associative algebra over a field K. Such an algebra is said to be an algebra with enough idempotents when there is a family (e i ) i∈I of nonzero orthogonal idempotents, called distinguished family, such that ⊕ i∈I e i A = A = ⊕ i∈I Ae i . If in addition, H is a fixed abelian group with additive notation, an H-graded algebra with enough idempotents will be an algebra with enough idempotents A, together with an H-grading A = ⊕ h∈H A h , such that one can choose a distinguished family of orthogonal idempotents which are homogeneous of degree 0. Frequently, we will interpret such an algebra as a (small) graded K-category with I as set of objects, where e i Ae j is the set of morphisms from i to j and where the composition of morphisms is just the anti-multiplication: b • a = ab. Then the concept of functor between such algebras makes sense and will be used sometimes.
Throughout this section by A we will mean an H-graded algebra with enough idempotents on which a distinguished family of orthogonal idempotents is fixed. All considered left (resp. right) A-modules are supposed to be unital, i.e., AM = M (resp. M A = M ) for any left (resp. right) A-module M . We will also denote by A − Gr (resp. Gr − A) the category of (H-)graded unital left (resp. right) modules, where the morphisms are the graded homomorphisms of degree 0.
The enveloping algebra of A is the algebra A e = A ⊗ A op , where if a, b ∈ A we will denote by a ⊗ b o the corresponding element of A e . This is also an H-graded algebra with enough idempotents where
The distinguished family of orthogonal idempotents with which we will work is the family (e i ⊗ e o j ) (i,j)∈I×I . A left graded A e -module M will be identified with a graded A-bimodule by putting axb = (a⊗ b o )x, for all x ∈ M and a, b ∈ A. Similarly, a right graded A e -module is identified with a graded A-bimodule by putting axb = x(b ⊗ a o ), for all x ∈ M and a, b ∈ A. In this way, we identify the three categories A e − Gr, Gr − A e and A − Gr − A, where the last one is the category of graded unitary A-bimodules, which we will simply name 'graded bimodules'.
Recall that if M = ⊕ h∈H M h is a graded A-module and k ∈ H is any element, then we get a graded module M [k] having the same underlying ungraded A-module as M , but where
) has a structure of graded K-vector space, where the homogeneous com-
The graded algebras we are interested in have some extra properties. For reader's convenience we recall the following definitions. Definition 1. Let A = ⊕ h∈H A h be a graded algebra with enough idempotents. It will be called locally finite dimensional when e i A h e j is finite dimensional, for all (i, j, h) ∈ I × I × H. Such a graded algebra A will be called graded locally bounded when the following two conditions hold: 1. For each (i, h) ∈ I × H, the set I (i,h) = {j ∈ I : e i A h e j = 0} is finite.
2.
For each (i, h) ∈ I × H, the set I (i,h) = {j ∈ I : e j A h e i = 0} is finite.
Observe that these definitions do not depend on the distinguished family (e i ) considered.
Definition 2.
A locally finite dimensional graded algebra with enough idempotents A = ⊕ h∈H A h will be called weakly basic when it has a distinguished family (e i ) i∈I of orthogonal homogeneous idempotents of degree 0 such that:
Note that, in the above situation, if (−, −) :
The following concept is fundamental for us.
Definition 4. Let A = ⊕ h∈H A h be a weakly basic graded algebra with enough idempotents. A bilinear form (−, −) : A × A −→ K is said to be a graded Nakayama form when the following assertions hold:
For each i ∈ I there is a unique ν(i) ∈ I such that (e i A, Ae ν(i) ) = 0 and the assignment i ν(i) defines a bijection ν : I −→ I.
3. There is a map h : I −→ H such that the induced map (−, −) :
The bijection ν is called the Nakayama permutation and h will be called the degree map. When h is a constant map and h(i) = h, we will say that (−, −) :
Recall that a Quillen exact category E (e.g. an abelian category) is said to be a Frobenius category when it has enough projectives and enough injectives and the projective and the injective objects are the same in E.
Definition 5. A weakly basic locally finite dimensional graded algebra A with enough idempotents is called graded pseudo-Frobenius (resp. graded Quasi-Frobenius) if it admits a graded Nakayama form (−, −) : A × A −→ K (resp. both A − Gr and Gr − A are Frobenius categories).
A graded Quasi-Frobenius algebra A is always graded pseudo-Frobenius and the converse is true whenever A is graded locally Noetherian i.e., whenever Ae i and e i A satisfies the ACC on graded submodules, for each i ∈ I. Note then that, for a finite dimensional algebra A, viewed as a graded algebra concentrated in zero degree, the notions of self-injective, graded pseudo-Frobenius and graded Quasi-Frobenius coincide.
When A is a graded locally bounded pseudo-Frobenius algebra, its graded Nakayama form (−, −) induces an automorphism of (ungraded) algebras η ∈ Aut(A) such that D(A) ∼ = 1 A η . This automorphism is unique , up to inner automorphism, and called Nakayama automorphism. It is given by the rule (a, −) = (−, η(a)), for every a ∈ A, and turns out to be an automorphism of graded algebras whenever the associated map h : I −→ H takes constant value h. Indeed, in this latter case we get an isomorphism of graded algebras
The following result gives a handy criterion, in the locally Noetherian case, for A to be graded Quasi-Frobenius.
Corollary 2.1. Let A = ⊕ h∈H A h be a weakly basic locally Noetherian graded algebra with enough idempotents. The following assertions are equivalent:
1. The following two conditions hold: (a) For each i ∈ I, Ae i and e i A have a simple essential socle in A − Gr and Gr − A, respectively (b) There are bijective maps ν, ν
The following result shows that if A is a split graded pseudo-Frobenius algebra, then all possible graded Nakayama forms for A come in similar way. Recall from [3] if A is such an algebra, then Soc gr ( A ) = Soc gr (A A ). Recall also that if V = ⊕ h∈H V h is a graded vector space, then its support, denoted Supp(V ), is the set of h ∈ H such that V h = 0. Proposition 2.2. Let A be a split pseudo-Frobenius graded algebra and (e i ) i∈I a weakly basic distinguished family of orthogonal idempotents. The following assertions hold:
1. All graded Nakayama forms for A have the same Nakayama permutation. It assigns to each i ∈ I the unique ν(i) ∈ I such that e i Soc gr (A)e ν(i) = 0.
If
3. For a bilinear form (−, −) : A × A −→ K, the following statements are equivalent:
(a) (−, −) is a graded Nakayama form for A (b) There exists an element h = (h i ) ∈ i∈I Supp(e i Soc gr (A)) and a basis B i of e i A hi e ν(i) , for each i ∈ I, such that:
ab as a linear combination of the elements of B i .
Definition 6. Let A = ⊕ h∈H A h be a split pseudo-Frobenius graded algebra, with (e i ) i∈I as weakly basic distinguished family of idempotents and ν : I −→ I as Nakayama permutation. Given a pair (B, h) consisting of an element h = (h i ) i∈I of i∈I Supp(e i Soc gr (A)) and a family B = (B i ) i∈I , where B i is a basis of e i A hi e ν(i) containing an element of e i Soc gr (A), for each i ∈ I, we call graded Nakayama form associated to (B, h) to the bilinear form (−, −) : A × A −→ K determined by the conditions b.ii and b.iii of last proposition. When h is constant, i.e. there is h ∈ H such that h i = h for all i ∈ I, we will call (−, −) the graded Nakayama form of A of degree h associated to B.
We now assume that G is a group acting on A as a group of graded automorphisms (of degree 0) which permutes the e i . That is, if Aut gr (A) denotes the group of graded automorphisms of degree 0 which permute the e i , then we have a group homomorphism ϕ : G −→ Aut gr (A). We will write a g = ϕ(g)(a), for each a ∈ A and g ∈ G. The following definition will be needed for our purposes. Definition 7. Let A = ⊕ h∈H A h be a graded pseudo-Frobenius algebra and G be a group acting on A as graded automorphisms. A graded Nakayama form (−, −) :
We say that a group G as above acts freely on objects when g(i) = i, for all i ∈ I and g ∈ G\{1}. In such case one can consider the orbit category A/G. The objects of this category are the Gorbits We now recall a result from [3] concerning the preservation of the pseudo-Frobenius condition via the canonical projection π : A −→ A/G. with takes a
[a].
Proposition 2.3. Let A = ⊕ h∈H A h be a (split basic) locally bounded graded pseudo-Frobenius algebra, with (e i ) i∈I as weakly basic distinguished family of orthogonal homogeneous idempotents, and let G be a group which acts on A as graded automorphisms which permute the e i and which acts freely on objects. If there exists a G-invariant graded Nakayama form (−, −) :
Then Λ = A/G is a (split basic) locally bounded graded pseudo-Frobenius algebra whose graded Nakayama form is induced from (−, −).
Under the assumptions of last proposition, it is known that the functor π is a covering functor, that is, it is surjective on objects (i.e., vertices) and induces bijective maps
Λe [i] is exact (see, e.g., [11] and [5] for further details).
The following result ensures that, in the split case, G-invariant graded Nakayama forms always exist, a fact which allows to apply last proposition.
Corollary 2.4. Let A = ⊕ h∈H A h be a split graded pseudo-Frobenius algebra with Nakayama permutation ν and let G be a group of graded automorphisms of A which permute the e i and acts freely on objects. The equality ν(g(i)) = g(ν(i)) holds, for all g ∈ G and i ∈ I. Moreover, there exist an element h = (h i ) i∈I ∈ i∈I Supp(e i Soc gr (A)) and a basis B i of e i A hi e ν(i) , for each i ∈ I, satisfying the following properties:
and B i contains an element of e i Soc gr (A), for all i ∈ I
In such case, letting B = i∈I B i , the graded Nakayama form associated to the pair (B, h) (see definition 6) is G-invariant.
Remark 2.5. The basis of the previous corollary is constructed as follows. We fix a subset I 0 ⊆ I representing the G-orbits of objects and, for each i ∈ I 0 , we fix an h i ∈ Supp(e i Soc gr (A)) and a basis B i of e i A hi e ν(i) containing an element w i ∈ e i Soc gr (A). Then, for each j ∈ I, we define B j = g(B i ) where i ∈ I 0 and g ∈ G are the unique elements such that j = g(i).
When A is split locally bounded pseudo-Frobenius, we have that η • g = g • η, for all g ∈ G, and hence, the Nakayama automorphismη of Λ = B/G is induced from η, i.e.,η([a]) = [η(a)], for each a ∈ i,j e i Ae j .
3 The mesh algebra of a Dynkin quiver
Stable translation quivers
Recall that a quiver or oriented graph is a quadruple Q = (Q 0 , Q 1 , i, t), where Q 0 and Q 1 are sets, whose elements are called vertices and arrows respectively, and i, t : Q 1 −→ Q 0 are maps. If a ∈ Q 1 then i(a) and t(a) are called the origin (or initial vertex) and the terminus of a.
Given a quiver Q, a path in Q is a concatenation of arrows p = a 1 a 2 ...a r such that t(a k ) = i(a k+1 ), for all k = 1, ..., r. In such case, we put i(p) = i(a 1 ) and t(p) = t(a r ) and call them the origin and terminus of p. The number r is the length of p and we view the vertices of Q as paths of length 0. The path algebra of Q, denoted by KQ, is the K-vector space with basis the set of paths, where the multiplication extends by K-linearity the multiplication of paths. This multiplication is defined as pq = 0, when t(p) = i(q), and pq is the obvious concatenation path, when t(p) = i(q). The algebra KQ is an algebra with enough idempotents, where Q 0 is a a distinguished family of orthogonal idempotents. If i ∈ Q 0 is a vertex, we will write it as e i when we view it as an element of KQ.
A stable translation quiver is a pair (Γ, τ ), where Γ is a locally finite quiver (i.e. given any vertex, there is a finite number of arrows having it as origin or terminus) and τ : Γ 0 → Γ 0 is a bijective map such that for any x, y ∈ Γ 0 , the number of arrows from x to y is equal to the number of arrows from τ (y) to x. The map τ will be called the Auslander-Reiten translation. Throughout the rest of the work, whenever we have a stable translation quiver, we will also fix a bijection σ : Γ 1 (x, y) → Γ 1 (τ (y), x) called a polarization of (Γ, τ ). Note that, from the definition of σ, one gets that τ can be extended to a graph automorphism of Γ by setting τ (α) = σ 2 (α) ∀α ∈ Γ 1 . If KΓ denotes the path algebra of Γ, then the mesh algebra of Γ is K(Γ) = KΓ/I, where I is the ideal of KΓ generated by the so-called mesh relations r x , where r x = a∈Γ1, t(a)=x σ(a)a, for each x ∈ Γ 0 . Therefore K(Γ) is canonically a positively (Z-)graded algebra with enough idempotents, where the grading is induced by the path length, and τ becomes a graded automorphism of K(Γ).
The typical example of stable translation quiver is the following. Given a locally finite quiver ∆, the stable translation quiver Z∆ will have as set of vertices Z∆ 0 := Z × ∆ 0 . Moreover, for each arrow α : x → y in ∆ 1 , we have arrows (n, α) : (n, x) → (n, y) and (n, α) ′ : (n, y) → (n + 1, x) in Z∆ 1 . Finally, we define τ (n, x) = (n − 1, x), for each (n, x) ∈ Z∆ 0 , and σ(n, α) = (n − 1, α) ′ and σ[(n, α) ′ ] = (n, α). In general, different quivers ∆ and ∆ ′ with the same underlying graph give non-isomorphic translation quivers Z∆ and Z∆ ′ . However, when ∆ is a tree, e.g. when ∆ is any of the Dynkin quivers A n , D n+1 , E 6 , E 7 , E 8 , the isoclass of the translation quiver Z∆ does not depend on the orientation of the arrows.
A group of automorphism G of a stable translation quiver (Γ, τ ) is a group of automorphism of Γ which commute with τ and σ. Such a group is called weakly admissible when x + ∩ (gx) + = ∅, for each x ∈ Γ 0 and g ∈ G\{1}, where x + := {y ∈ Γ 0 : Γ 1 (x, y) = ∅}. In such a case, when G acts freely on objects, the orbit quiver Γ/G inherits a structure of stable translation quiver, with the AR translationτ mapping [x] [τ (x)], for each x ∈ Γ 0 ∪ Γ 1 . Moreover, the group G can be interpreted as a group of graded automorphisms of the mesh algebra K(Γ) and K(Γ)/G is canonically isomorphic to the mesh algebra of Γ/G.
The mesh algebra of a Dynkin quiver. Basic properties
Throughout this section ∆ will be one of the Dynkin quivers A n , D n+1 (n ≥ 3) or E n (n = 6, 7, 8), and Z∆ will be the associated translation quiver. Its path algebra will be denoted by KZ∆ and we will put B = K(Z∆) for the mesh algebra.
When ∆ = A 2n−1 , E 6 or D n+1 , with n > 3, the underlying unoriented graph admits a canonical automorphism ρ of order 2. Similarly, D 4 admits an automorphism of order 3. In each case, the automorphism ρ extends to an automorphism of Z∆ with the same order. In the case of A 2n the canonical automorphism of order 2 of the underlying graph extends to an automorphism of Z∆, but this automorphism has infinite order. It is still denoted by ρ and it plays, in some sense, a similar role to the other cases. This automorphism of ZA 2n is obtained by applying the symmetry with respect to the central horizontal line and moving half a unit to the right. Note that we have ρ 2 = τ −1 . Although the orientation in ∆ does not change the isomorphism type of Z∆, in order to numbering the vertices of Z∆ we need to fix an orientation in ∆. Below we fix such an orientation, and then give the corresponding definition of the automorphism ρ of Z∆ mentioned above. 1 then ρ fixes the vertices (k, 2) and, for k fixed, it applies the 3-cycle (013) to the second component of each vertex (k, i).
The following facts are well-known (cf. [10] [Section 1.1] and [19] [Section 6.5]). Proposition 3.1. Let ∆ be a Dynkin quiver,∆ be its associated graph, c ∆ be its Coxeter number and B = K(Z∆) be the mesh algebra of the stable translation quiver Z∆. The following assertions hold:
1. Each path of length > c ∆ − 2 in Z∆ is zero in B.
2. For each (k, i) ∈ Z∆ 0 , there is a unique vertex ν(k, i) ∈ (Z∆) 0 for which there is a path
This path is unique, up to sign in B.
is a nonzero path then there is a path q : (m, j) → ... → ν(k, i) such that pq is a nonzero path (of length c ∆ − 2)
5. The vertex ν(k, i) is given as follows:
Corollary 3.2. B is a split basic graded Quasi-Frobenius algebra admitting a graded Nakayama form of degree l = c ∆ − 2.
Proof. By last proposition, we know that Be (k,i) and e (k,i) B are finite-dimensional graded Bmodules. In particular, both are Noetherian, so that B is a locally Noetherian graded algebra.
Note that e (k,i) Be (k,i) ∼ = K, for each vertex (k, i) ∈ Γ 0 , and that J gr (B) = J(B) is the vector subspace generated by the paths of length > 0. Therefore B is clearly split basic. On the other hand, if ν is the Nakayama permutation and we fix a nonzero path
By conditions 2 and 3 of Proposition 3.1, we have that dim(Soc(e (k,i) B)) = 1 and that Soc(e (k,i) B) is an essential (graded and ungraded) submodule of e (k,i) B). Note that B op is the mesh algebra of the opposite Dynkin quiver ∆ op , which is again Dynkin of the same type. Then also Be (k,i) has essential simple (graded and ungraded) socle, which is isomorphic to S ν −1 (k,i) [l ] as graded left B-module. Then all conditions of Corollary 2.1 are satisfied, with ν ′ = ν −1 . Moreover, by Proposition 2.2, we know that B admits a graded Nakayama form with constant degree function h such that h(k, i) = l , for all (k, i) ∈ Γ 0 .
m-fold mesh algebras
When Γ = Z∆, with ∆ a Dynkin quiver, it is known that each weakly admissible group G of automorphisms is infinite cyclic (see [28] , [1] ) and below is the list of the resulting stable translation quivers Z∆/G that appear, where a generator of G is given in each case (see [13] ). We will denote by − the 'subgroup generated by' and, in each case, the following automorphism ρ is always that of the list preceding Proposition 3.1:
As shown by Dugas (see [13] [Section 3]), they are the only stable translation quivers with finitedimensional mesh algebras. These mesh algebras are isomorphic to Λ = B/G in each case, where B is the mesh algebra of Z∆. Abusing of notation, we will simply write Λ = Z∆/ ϕ . These algebras are called m-fold mesh algebras and are known to be self-injective, a fact that can be easily seen by applying Proposition 2.3 since the cyclic group G acts freely on objects, i.e., on (Z∆) 0 . They are also periodic (see [9] ).
Note that, except for L (m)
n , each generator of the group G in the above list is of the form ρτ m , where ρ is an automorphism of order 1 (i.e. ρ = id Z∆ ), 2 or 3. This leads us to introduce the following concept, which will be used later on in the paper. We warn the reader that the commonly used type for stable Auslander algebras of representationfinite self-injective algebras (see [4] , [13] , [25] ) does not coincide with the here defined extended type.
A change of presentation
For calculation purposes, it is convenient to modify the mesh relations. We want that if (k, i) ∈ (Z∆) 0 is a vertex which is the end of exactly two arrows, then the corresponding mesh relation changes from a sum to a difference. When ∆ = D n+1 and we consider the three paths (k, 2) → (k, i) → (k + 1, 2) (i = 0, 1, 3), we want that the path going through (k, 3) is the sum of the other two. Finally, when ∆ = E n (n = 6, 7, 8) and we consider the three paths (k, 3) → (k, i) → (k + 1, 3) (i = 0, 4) and (k, 3) → (k + 1, 2) → (k + 1, 3), we want that the one going through (k, 0) is the sum of the other two. This can be done by selecting an appropriate subset X ⊂ (Z∆) 1 and applying the automorphism of KZ∆ which fixes the vertices and all the arrows not in X and changes the sign of the arrows in X. But we want the same phenomena to pass from B to Λ = B/G, for any weakly admissible group of automorphisms G of Z∆. This forces us to impose the condition that X be G-invariant, i.e., that g(X) = X for each g ∈ G.
Proposition 3.3. Let ∆ be a Dynkin quiver, KZ∆ be the path algebra of Z∆, let I be the ideal of KZ∆ generated by the mesh relations and letĜ be the group of automorphisms of Z∆ generated by ρ and τ , whenever ρ exists, and just by τ otherwise. Let X ⊂ (Z∆) 1 be the set of arrows constructed as follows:
′ is the set of arrows given in the following list, then X is the union of theĜ-orbits of elements of X ′ :
2. If ∆ = D 4 and G = τ m , then X is the union of the τ -orbits of the arrows (0, 2) → (0, 3).
(a) When G = τ m , X is the union of the τ -orbits of arrows in the set
(b) When G = ρτ m , with m odd, X is the union of all ρτ -orbits of arrows in the set
(c) When G = ρτ m , with m even, X is the union of the ρ, τ 2 -orbits of arrows in the set X
When ∆ = A 2n−1 , D 4 , the given set X is G-invariant, for all choices of the weakly admissible group of automorphisms G.
Moreover, let s : X −→ Z 2 be the signature map, where s(a) = 1 exactly when a ∈ X, and let ϕ : KZ∆ −→ KZ∆ be the unique graded algebra automorphism which fixes the vertices and maps a (−1) s(a) a, for each a ∈ (Z∆) 1 . Then ϕ(I) is the ideal of KZ∆ generated by the relations mentioned in the paragraph preceding this proposition.
Proof. The G-invariance of X is clear. In order to prove that ϕ(I) is as indicated, note that the mesh relation t(a)=(k,i) σ(a)a is mapped onto t(a)=(k,i) (−1)
s(σ(a)a) σ(a)a, with the signature s(p) of a path defined as the sum of the signature of its arrows. The result will follow from the verification of the following facts, which are routine: i) If (k, i) is the terminus of exactly two arrows a and b, then the set X ∩ {a, b, σ(a), σ(b)} has only one element.
ii) When ∆ = D n+1 , with n > 3, and a :
Corollary 3.4. With the terminology of the previous proposition, the mesh algebra is isomorphic as a graded algebra to B ′ := KZ∆/ϕ(I) and, in each case, the ideal ϕ(I) is G-invariant. In particular, G may be viewed as group of graded automorphisms of B ′ and ϕ induces an isomorphism
Proof. Since ϕ is a graded automorphism of KZ∆ it induces an isomorphism B = KZ∆/I
From this remark the rest of the corollary is clear.
Remark 3.5. When ∆ = D 4 and G = ρτ m , one cannot find a G-invariant set of arrows X as in the above proposition guaranteeing that, for each k ∈ Z, the path
is the sum of the other two paths from (k − 1, 2) to (k, 2). This is the reason for the following convention.
Convention 3.6. From now on in this paper, the term 'mesh algebra' will denote the algebra KZ∆/ϕ(I) given by Corollary 3.4, or just
. This 'new' mesh algebra will be still denoted by B.
4 The Nakayama automorphism. Symmetric m-fold mesh algebras
The Nakayama automorphism of the mesh algebra of a Dynkin quiver
The quiver Z∆ does not have double arrows and, hence, if a : x → y is an arrow, then there exists exactly one arrow ν(x) → ν(y), where ν is the Nakayama permutation. This allows us to extend ν to an automorphism of the stable translation quiver Z∆ and, hence, also to an automorphism of the path algebra KZ∆. Moreover, due to the (new) mesh relations (see Proposition 3.3 and the paragraph preceding it), we easily see that if I ′ is the ideal of KZ∆ generated by those mesh relations, then ν(I ′ ) = I ′ . Note also from Proposition 3.1 that, as an automorphism of the quiver Z∆, we have that ν = τ k or ν = ρτ k , for a suitable natural number k. It follows that if G is any weakly admissible automorphism of Z∆, then ν • g = g • ν for all g ∈ G. All these comments prove:
Lemma 4.1. Let ∆ be a Dykin quiver, B = B(∆) be its associated mesh algebra and G be a weakly admissible group of automorphisms of Z∆. The Nakayama permutation ν extends to a graded automorphism ν :
The following result is fundamental for us. Theorem 4.2. Let ∆ be a Dynkin quiver with the labeling of vertices and the orientation of the arrows of subsection 3.2, and let G = ϕ be a weakly admissible group of automorphisms of Z∆. If η is the graded automorphism of B which acts as the Nakayama permutation on the vertices and acts on the arrows as indicated in the following list, then η is a Nakayama automorphism of B such that η • g = g • η, for all g ∈ G.
1. When ∆ = A n and ϕ is arbitrary, η(α) = ν(α) for all α ∈ (Z∆) 1 
When
i. η(α) = −ν(α), whenever α is an upward arrow as above or α :
For the remaining arrows, if q and r are the quotient and remainder of dividing k by m, then
is the origin of the given arrow, q and r are the quotient and remainder of dividing k by m, then:
, when either q is odd and r = m − 1 or q is even and r = m − 1, and
4. When ∆ = E 7 , ϕ = τ m , and then:
i η(a) is given as in 3.(a) for any arrow a contained in the copy of E 6 .
ii η(ζ) = ν(ζ) and η(ζ
5. When ∆ = E 8 , ϕ = τ m , and then:
i η(a) is given as in 4 for any arrow a contained in the copy of E 7 .
ii η(θ) = ν(θ) and η(θ
Proof. Let ν be the Nakayama permutation of Z∆ (see Proposition 3.1). By the proof of Corollary 3.2, we know that Soc gr (e (k,i) B) = Soc(e (k,i) B) is one-dimensional and concentrated in degree l = c ∆ − 2, for each (k, i) ∈ Z∆ 0 . By applying Proposition 2.2, after taking a nonzero element w (k,i) ∈ e (k,i) Soc gr (B), for each (k, i) ∈ (Z∆) 0 , we can take the graded Nakayama form (−, −) :
It is clear that the so obtained graded Nakayama form will be G-invariant whenever
The existence of a Ginvariant basis is guaranteed by Corollary 2.4. Moreover, in such case, recall that the associated Nakayama automorphism η satisfies that η •g = g •η, for all g ∈ G (see Remark 2.5). The canonical way of constructing such a G-invariant basis B is also given in that remark. Namely, we select a set I ′ of representatives of the G-orbits of vertices and a element 0
However, note that if we choose B to be τ -invariant, then it is G-invariant for G = τ m . So, in order to construct B, we will only need to consider the cases ϕ = τ and ϕ = ρτ m Once the G-invariant basis B of Soc gr (B) = Soc(B) has been described, the strategy to identify the action of the associated Nakayama automorphism η on the arrows is very simple. Given an arrow α, we take a path q : t(α) → ... → ν(i(α)) of length l − 1 such that αq is a nonzero path. Then we have αq = (−1) u(α) w i(α) , so that, by definition of the graded Nakayama form associated to B, we have an equality (α, q) = (−1) u(α) . Since the quiver Z∆ does not have double arrows we know that η(α) = λ(α)ν(α), for some λ(α) ∈ K * . In particular we know that qν(α) is a nonzero path (of length l ) because (q, η(α)) = (α, q) = 0. If we have an equality qν(α) = (−1)
and the task is reduced to calculate the exponents u(α) and v(α) in each case. Taking into account that we have η • g = g • η, for each g ∈ G, it is enough to calculate u(α) and v(α) just for the arrows starting at a vertex of I ′ . To construct B when ∆ = A n has no problem, for all paths of length l = c ∆ − 2 from (k, i) to ν(k, i) are equal in B. So in this case the choice of w (k,i) will be the element of B represented by a path from (k, i) to ν(k, i) and
On what concerns the explicit calculations for the cases when ∆ is either D n+1 or E r (r = 6, 7, 8), they can be found in the appendix given at the end of this paper.
Some important auxiliary results
Recall that a walk in a quiver Q between the vertices i and j is a finite sequence
We write such a walk as α ε1 1 ...α εr r , where the α i are arrows and ε i is 1 or −1, depending on whether the corresponding edge is an arrow pointing to the right or to the left.
We will need the following concept from [23] :
Definition 9. Let Q be a (not necessarily finite) quiver. An acyclic character on Q (over the field K) is a map χ :
s are two walks of length > 0 between any given vertices i and j, then 1≤i≤r χ(
Notice that if A is a graded algebra with enough idempotents, G ⊆ Aut gr (A) is a group acting freely on objets such that A/G is finite dimensional and f : A −→ A is a graded automorphism commuting with the elements in G, then the assignment [a] [f (a)], with a ∈ i,j∈I e i Ae j , determines a graded automorphismf of A/G.
The following general result will be very useful.
Lemma 4.3. Let A = ⊕ n≥0 A n be a basic positively Z-graded pseudo-Frobenius algebra with enough idempotents such that e i A 0 e i ∼ = K, for each i ∈ I, let G be a group of graded automorphisms of A acting freely on objects such that Λ = A/G is finite dimensional and let f : A −→ A be a graded automorphism that fixes all idempotents e i and satisfies that f
Then the following assertions are equivalent:
1.f is an inner automorphism of Λ.
2. There is a map λ : ) )a, for all a ∈ i,j∈I e i Ae j , and λ • g |I = λ, for all g ∈ G.
Proof. 1) =⇒ 2) Let λ : I −→ K * be any map and χ λ : A −→ A be the (graded) automorphism which is the identity on objects and maps a λ(i(a)) −1 λ(t(a))a, for each a ∈ i,j e i Ae j .
If now f is as in the statement andf is inner, the goal is to find a map λ as in the previous paragraph such that χ λ = f and λ • g |I = λ, for all g ∈ G.
We know from Proposition 2.3 that Λ is a split basic graded algebra. So it is given by a finite quiver with relations whose set of vertices is (in bijection with) the set I/G = {[i] : i ∈ I} of Gorbits of elements of I. From [23] [Proposition 10 and Theorem 12] we get a mapλ :
, where a ∈ i,j∈I e i Ae j , is a (graded) inner automorphism u of Λ such that u −1 •f is the inner automorphism ι = ι 1−x of Λ defined by an element of the form 1 − x, where x ∈ J(Λ). In our situation, the equality J(Λ) = ⊕ n>0 Λ n holds, so that x is a sum of homogeneous elements of degree > 0. But ι = u −1 •f is also a graded automorphism, so that we have that ι(Λ n ) = (1 − x)Λ n (1 − x) −1 = Λ n . If y ∈ Λ n then the n-th homogeneous component of (1 − x)y(1 − x) −1 is y. It follows that ι is the identity on Λ n , for each n ≥ 0. Therefore we have ι = id Λ , so thatf = u.
Let now π : A −→ Λ = A/G be the G-covering functor and let λ be the composition map
As a consequence, the associated automorphism χ λ : A −→ A defined above has the property that
], for each a ∈ i,j e i Ae j . Since f is the identity on objects we immediately get that f = χ λ as desired.
2) =⇒ 1) The map λ of the hypothesis satisfies that χ λ = f . It then follows thatχ λ =f ,
, for each a ∈ i,j e i Ae j . Note thatχ λ is well defined because λ • g |I = λ, for all g ∈ G. It turns out thatχ λ is the inner automorphism of Λ defined by the element
In the rest of the paper, for any m-fold mesh algebra Λ, we shall denote by Inn gr (Λ) the subgroup of Aut gr (Λ) consisting of those graded automorphisms which are inner. Proof. Due to the fact that the quiver of Λ (i.e. Q = Z∆/G) does not have double arrows, each graded automorphism ϕ of Λ induces an automorphismφ of Q. This automorphism extends to an automorphism of the path algebra KQ which respects the mesh relations. Therefore we can look at ϕ as a graded automorphism of Λ as well. Sinceφ andτ commute when viewed as automorphisms of the quiver Q, we get that they also commute as graded automorphisms of Λ. On the other hand, if (−, −) : Λ×Λ −→ K is a graded Nakayama form whose associated Nakayama automorphism isη, then the map
) is a graded Nakayama form whose associated Nakayama automorphism is ϕ −1 •η • ϕ. But all Nakayama automorphisms of Λ are equal, up to composition by an inner automorphism. We conclude that ϕ −1 •η •ϕ•η −1 ∈ Inn gr (Λ), so that the statement aboutη is proved. Moreover, the Nakayama permutation of Q 0 associated to ϕ −1 •η • ϕ "is"φ −1 •ν •φ, which, by Proposition 2.2, implies thatν •φ =φ •ν, an equality that may be seen as an equality of (graded) automorphisms of Λ.
From the previous paragraph we also deduce that each ϕ ∈ Aut gr (Λ) decomposes as ϕ =φ •χ, whereχ is an automorphism of Λ which is the identity on vertices of Q. This means that we also have a mapξ :
, for each a ∈ Z∆ 1 . Denoting by
, for all a ∈ Z∆ 1 . We then get a G-invariant graded automorphism χ = χ ξ of B = B(∆) which fixes the vertices, maps a ξ(a)a, for all a ∈ Z∆ 1 , and has the property that
By the first paragraph of this proof, we know thatτ andν commute with the (graded) automorphisms of Λ given by quiver automorphisms of Q. In order to end the proof, we just need to check that they commute, up to composition with an inner automorphism, with all automorphisms of Λ of the formχ, where χ = χ ξ , for some map ξ :
Moreover, by Proposition 3.1, we know that ν = ρ k • τ l , where k ∈ {0, 1} and l > 0. Our task is hence reduced to check thatψ 1 (a) )a, for each a ∈ Z∆ 1 . Then Lemma 4.3 can be used. Note that the compatibility of χ with the mesh relations implies that, for each (k, i) ∈ Z∆ 0 , the product ξ(σ(a))ξ(a) is constant on the set of arrows ending at (k, i). It follows easily that the map ξ ′ :
Indeed, except when (∆, m, t) = (A 2n , m, 2), we always have a j ∈ ∆ 0 such that ρ(k, j) = (k, j), for all k ∈ Z (here we consider also the case when t = 1, and hence ρ = id Z∆ ). In particular, we have ϕ(0, j) = τ m (0, j) = (−m, j). We fix such a vertex and consider the canonical path ϕ(0, j) = (−m, j)
By definition of λ, we then have an equality
We need to prove that the equality ( 0≤k≤2m−1 ξ(σ k (a))) −1 · ( 0≤k≤2m−1 ξ(ψ(σ k (a)))) = 1 holds. Note that, acting on arrows, both ρ and τ commute with σ. For ψ = τ , we then get that
On the other hand, if G =< ρτ m > (and hence ∆ = A 2n ), then ρ(σ 2r (a)) and σ 2r (a) are arrows ending at (−r, j), for each integer r ≥ 0, due to the choice of j. It follows that ξ(σ 2r+1 (ρ(a)))ξ(σ 2r (ρ(a))) = ξ(σ 2r+1 (a))ξ(σ 2r (a)), for each r ≥ 0 (see the third paragraph of this proof). We then get
a)))) = 1 also in this case. We finally consider the case when (∆, t) = (A 2n , 2). Similarly to the other cases, we consider the canonical path
With the argument used above, we need to check that
Note that we have ρ(σ k (a)) = σ k−1 (a), for each k ∈ Z. As a consequence, we get:
and
Both expressions are equal to 1 since
The following is the identification of a subgroup of the integers which is crucial for our purposes.
Proposition 4.5. Let Λ be the m-fold mesh algebra of extended type (∆, m, t) and let H(∆, m, t) be the set of integers s such thatη sν−s is an inner automorphism of Λ. Then H(∆, m, t) is a subgroup of Z and the following assertions hold:
1. If char(K) = 2 or ∆ = A r , then H(∆, m, t) = Z.
2. If char(K) = 2 and ∆ = A r , then H(∆, m, t) = Z, when m + t is odd, and H(∆, m, t) = 2Z otherwise.
Proof. Theorem 4.2 gives a map ξ : Z∆ 1 −→ K * , where ξ(a) = (−1) u(a) , for some u(a) ∈ Z 2 , such that ξ • g Z∆1 = ξ and if χ = χ ξ , with the terminology of the proof of Proposition 4.4, then η := ν • χ is a G-invariant graded Nakayama automorphism of B. By the last mentioned proposition, we conclude that H(∆, m, t) = {s ∈ Z :χ s ∈ Inn(Λ)}. It is clearly a subgroup of Z, which contains 2 since χ • χ = id B . Moreover, when char(K) = 2 or ∆ = A r , we have χ = id B so that H(∆, m, t) = Z in this case. Our task reduces to determine, for the remaining cases, when χ ∈ Inn(Λ).
Using Lemma 4.3 and arguing as in the proof of Proposition 4.4, we have a map λ :
, for all a ∈ Z∆ 1 , and we need to determine when λ • ϕ |Z∆0 = λ, where ϕ is the canonical generator of G. We emulate the proof of the previous proposition and fix a j ∈ ∆ 0 such that ρ(0, j) = (0, j). By the proof of the mentioned proposition, it is enough to show that λ(ϕ(0, j)) = λ(0, j). We have a path
which, by the definition of λ, implies that
When t = 1, so that ϕ = τ m , Theorem 4.2 gives that, for all choices of ∆, we have u(b) = u(σ(b)), for all b ∈ Z∆ 1 . It follows that 0≤k≤2m−1 u(σ k (a) = m. Similarly, when t = 3 (whence ∆ = D 4 ), we have j = 2 and, looking at Theorem 4.2, one gets that, for any choice of the arrow a ending at (0, 2), the equality 0≤k≤2m−1 u(σ k (a) = m also holds. In both cases, we conclude that the equality λ ϕ(0,j) = λ (0,j) holds exactly when m is even.
Finally, suppose that t = 2, so that ϕ = ρτ m . We take as arrow a ending at (0, j) the following:
1. When ∆ = D n+1 , with n + 1 > 4, we have j = 2 and take a : (−1, 3) → (0, 2); 2. When ∆ = E 6 , we have j = 3 and take a = ǫ ′ : (−1, 0) → (0, 3).
Using Theorem 4.2, we see that in the family of exponents {u(σ r (a)): r = 0, 1, ..., 2m − 1} there are exactly m + 1 which are equal to 1. It follows that λ ϕ(0,j) = λ (0,j) holds exactly when m is odd.
Symmetric and weakly symmetric m-fold mesh algebras
The only result of this subsection identifies all the weakly symmetric and symmetric m-fold mesh algebras.
Theorem 4.6. Let Λ be an m-fold mesh algebra of extended type (∆, m, t). If Λ is weakly symmetric then t = 1 or t = 2 and, when char(K) = 2 or ∆ = A r , such an algebra is also symmetric. Moreover, the following assertions hold:
1. When t = 1, Λ is weakly symmetric if, and only if, ∆ is D 2r , E 7 or E 8 and m is a divisor of c∆ 2 − 1. When char(K) = 2, such an algebra is symmetric if, and only if, m is even.
2. When t = 2 and ∆ = A 2n , Λ is weakly symmetric if, and only if, m divides c∆ 2 − 1 and, moreover, the quotient of the division is odd, in case ∆ = A 2n−1 , and even, in case ∆ = D 2r . When char(K) = 2, such an algebra is symmetric if, and only if, ∆ = A 2n−1 or m is odd.
When
n , the algebra is (weakly) symmetric if, and only if, 2m − 1 divides 2n − 1.
Proof. The algebra Λ is weakly symmetric if, and only if, the automorphismν : Λ −→ Λ induced by ν is the identity on vertices. We identify the vertices of the quiver of Λ as G-orbits of vertices of Z∆ 0 , where G is the weakly admissible group of automorphism considered in each case. If we take care to choose a vertex (k, i) which is not fixed by ρ, then the equalityν([(k, i)]) = [(k, i)] holds exactly when there is a g ∈ G such that ν(k, i) = g(k, i). But ifĜ denotes the group of automorphisms generated by ρ and τ , thenĜ acts freely on the vertices not fixed by ρ. Since G ⊂Ĝ and ν ∈Ĝ (see Proposition 3.1) the equality ν(k, i) = g(k, i) implies that ν = g. Therefore the algebra Λ is weakly symmetric if, and only if, ν belongs to G.
On the other hand, Λ is symmetric if, and only if,η : Λ −→ Λ is an inner automorphism. By Lemma 4.3, this is equivalent to saying that Λ is weakly symmetric andη •ν −1 is an inner automorphism of Λ. That is, Λ is symmetric if, and only if, Λ is weakly symmetric and H(∆, m, t) = Z. As a consequence, once the weakly symmetric m-fold mesh algebras have been identified, the part of the theorem referring to symmetric algebras follows directly from Proposition 4.5. If t = 3, then ∆ = D 4 , G = ρτ m , with ρ acting on vertices as the 3-cycle (013), and ν = τ −2 . It is impossible to have τ −2 ∈ G and therefore Λ is never weakly symmetric in this case. If t = 1, then G = τ m . If we assume that ∆ = D 2r , E 7 , E 8 then ν = ρτ 1−n , for some integer n. Again it is impossible that ν ∈ G and, hence, Λ cannot be weakly symmetric. On the contrary, suppose that ∆ is one of the Dynkin quivers D 2r , E 7 , or E 8 . Then ν = τ 1−n , with n = c∆ 2 , and ν belongs to G if, and only if, there is an integer r such that τ 1−n = (τ m ) r , which is equivalent to saying that n − 1 = −mr since τ has infinite order. Then Λ is weakly symmetric in this case if, and only if, m divides n − 1.
Suppose now that t = 2 and ∆ = A 2n . Then G = ρτ m and, except when ∆ = D 2r , we have that ν = ρτ 1−n , where n = and ν = ρτ 1−n . Then ν is in G if, and only if, there is an integer r such that ρτ 1−n = (ρτ m ) r . This forces r = 2s + 1 to be odd, and then ρτ −s+m(2s+1) = (ρτ m ) 2s+1 = ρτ 1−n . Then Λ is weakly symmetric if, and only if, there is an integer s such that (2m − 1)s = 1 − m − n. That is, if and only if 2m − 1 divides m + n − 1, which is equivalent to saying that 2m − 1 divides 2(m + n − 1) − (2m − 1) = 2n − 1. Suppose that (−, −) : B × B −→ K is a G-invariant graded Nakayama form for B. Given a basis B as in last lemma, its (right) dual basis with respect to (−, −) will be the basis B * = (k,i)∈(Z∆)0 B * e ν(k,i) , where B * e ν(k,i) , is the (right) dual basis of e (k,i) B with respect to the induced graded bilinear form (−, −) : e (k,i) B × Be ν(k,i) −→ K. By the graded condition of this bilinear form, B * consists of homogeneous elements. By the G-invariance of (−, −) and B, we immediately get that B * is G-invariant. On what concerns the minimal projective resolution of B as a bimodule, we will need to fix a basis B as given by last lemma and use it and its dual basis to give the desired resolution.
By a classical argument for unital algebras, also valid here (see, e.g., [8] or [13] ), we know that if B ′ is the original mesh algebra, i.e., KZ∆/I where I is the ideal generated by r (k,i) = t(a)=(k,i) σ(a)a with (k, i) ∈ Z∆ 0 , then the initial part of the minimal projective resolution of B ′ as a graded B ′ -bimodule has the following shape
, and 1. u is the multiplication map, 2. δ is the only homomorphism of B ′ -bimodules such that, for all a ∈ (Z∆) 1 ,
δ(e i(a) ⊗ e t(a) ) = a ⊗ e t(a) − e i(a) ⊗ a;
We will slightly modify this resolution bearing in mind that, for simplification purposes, we are working with the mesh algebra B given by the new relations as in Section 3.4. We point out that this change only accounts for the difference in the description R ′ . Indeed, considering the canonical algebra isomorphism ϕ = ϕ −1 : KZ∆ ∼ = −→ KZ∆, given in Proposition 3.3, and the induced isomorphism of graded algebras B ∼ = −→ B ′ , it is routine to check that, up to isomorphism, the initial part of the minimal graded projective resolution of B as a B-bimodule is given by
where R is the only homomorphism of B-bimodules such that, for all (k, i) ∈ (Z∆) 0 ,
where s : Z∆ 1 −→ Z 2 is the associated signature map given in Proposition 3.3, which we assume to be the empty set when (∆, G) = (D 4 , ρτ m ), and the signature of a path is the sum of the signatures of its arrows.
Next we identify the elements generating Ker(R).
Proposition 5.2. Let ∆ be a Dynkin quiver and let B be the associated mesh algebra. Denote by τ ′ the graded automorphism of B which acts as τ on vertices and maps a (−1) s(a)+s(τ (a)) a, for each a ∈ (Z∆) 1 . If for each (k, i) ∈ (Z∆) 0 we consider the homogeneous elements of Q −2 given by
Proof. Let us denote by h the induced isomorphism of graded algebras B ∼ = −→ B ′ and by f its inverse. We put B ′ = h(B), where B is the G-invariant basis of B given by the previous lemma. The mentioned classical arguments also show that the elements ξ
with (k, i) ∈ (Z∆) 0 , are in Ker(R ′ ) (see [11] ). From the equalities f (τ (x)) = τ ′ (f (x)) and f (x * ) = f (x) * , for all x ∈ B ′ , and the fact that ,j) is the simple graded left module concentrated in degree zero associated to the vertex (m, j), then the induced sequence
is the initial part of the minimal projective resolution of S (m,j) . It is easy to see that the pushdown functor π λ : B − Gr −→ Λ − Gr preserves and reflects simple objects. When applied to the last resolution, we then get the minimal projective resolution of the simple Λ-module S [(m,j)] , where Λ is viewed as the orbit category B/G and where [(m, j)] denotes the G-orbit of (m, j). But we know that Ω
) is a simple Λ-module (see, e.g., [13] ). It follows that Ω Note now that we have equalities
of graded left and right B-modules given by right and left multiplication by ξ ν −1 (k,i) . But ρ and λ do not vanish on Soc gr (Be τ ν −1 (k,i) ) and Soc gr (e (k,i) B), which are simple graded modules, respectively. It follows that ρ and λ are injective and, hence, they are isomorphisms. We then get that N :
is a graded submodule of B L isomorphic to B B ∼ = B L and, hence, it is injective in B − Gr since this category is Frobenius. We then get that N is a direct summand of B L which is isomorphic to B L. Since End B−Gr (Be (k,i) ) ∼ = K for each vertex (k, i), Azumaya's theorem applies (see [2] [Theorem 12.6]) and we can conclude that L = N = ⊕ (k,i)∈Z∆0 Bξ (k,i) for otherwise the decomposition of B L ∼ = B B as a direct sum of indecomposables would contain summands with multiplicity > 1. By a symmetric argument, we get that
Proposition 5.3. Let ∆ be a Dynkin quiver, let G be a weakly admissible group of automorphisms of B and fix a G-invariant graded Nakayama form and its associated Nakayama automorphism η (see Theorem 4.2) . Assume that X is the G-invariant set of arrows given in Proposition 3.3, which we assume to be the empty set when (∆, G) = (D 4 , ρτ m ) and with respect to which we calculate the signature of arrows. Finally, let κ and ϑ be the graded automorphisms of B which fix the vertices and act on arrows as:
• ϑ, then we have an equality
and there exists an isomorphism of graded B-bimodules
Proof. First note that, for any of the choices of the set X, the sum s(σ −1 (a))+s(σ(a))+s(τ −1 (a))+ s(a) in Z 2 is constant when a varies on the set of arrows ending at a given vertex (k, i) ∈ (Z∆) 0 . This implies that ϑ either preserves the relation t(a)=(k,i) (−1) s(σ(a)a) σ(a)a or multiplies it by −1. Then ϑ is a well-defined automorphism of B. Moreover, the G-invariant condition of the set of arrows X implies that the sum s(τ
All throughout the rest of the proof, a G-invariant basis B of B consisting of paths in Z∆ is fixed, with respect to which the ξ (k,i) are calculated. We shall prove that aξ τ −1 (t(a)) = ξ τ −1 (i(a)) µ ′ (a), for all a ∈ Z∆ 1 . Once this is proved, one easily shows by induction on deg(b) that if b ∈ (k,i),(m,j)∈Z∆0 e (k,i) Be (m,j) is a homogeneous element with respect to the length grading, then the equality 
We have an equality:
But we have τ ′ (τ −1 (a)) = (−1)
Note that we have τ −1 (a)x = y∈e τ −1 (i(a)) B (τ −1 (a)x, y * )y from which we get the equality
On the other hand, a direct calculation shows that µ ′ (a) = (−1)
, for each a ∈ (Z∆) 1 . Then we have another equality
But we have an equality
using that (−, −) is a graded Nakayama form and that η is its associated Nakayama automorphism. We then get
Bearing in mind that deg(y) = deg(τ −1 (a)x) = deg(x) + 1 whenever (τ −1 (a)x, y * ) = 0 we readily see that the second members of the equalities (!) and (!!) are equal. We then get aξ τ −1 (t(a)) = ξ τ −1 (i(a)) µ ′ (a), as desired.
Remark 5.4. Note that, except when (∆, G) = (A 2n−1 , ρτ m ), the automorphism ϑ of last proposition is the identity since X = τ (X).
Also, notice that whenever (∆, G) = (A 2n , ρτ m ), it is always possible to choose a map λ : Crucial for our goals is that what has been done in the last two propositions is 'G-invariant', which gives the following consequence.
Corollary 5.5. Let ∆ be a Dynkin quiver, B the corresponding mesh algebra, G a weakly admissible group of automorphisms of Z∆ and let Λ = B/G be the associated m-fold mesh algebra. We denote by µ the graded automorphism of B given by κητ −1 when (∆, G) = (A 2n , ρτ m ), ητ −1 ϑ when (∆, G) = (A 2n−1 , ρτ m ) and ητ −1 otherwise. Then µ induces a graded automorphismμ : Λ −→ Λ of Λ and there is an isomorphism of graded Λ-bimodules Ω By taking into account the change of presentation of Λ and [13] [Section 4], we see that the initial part of the minimal projective resolution of Λ as a graded Λ-bimodule is of the form
where
On the other hand, by Proposition 5.3, we get that the automorphism µ defined as above satisfies that µ • g = g • µ, for all g ∈ G, and hence, induces a graded automorphismμ :
, from the corresponding equality in the proof of the previous proposition, just by replacing the homogeneous elements of B by their orbits. We leave to the reader the routine verification. It then follows that the assignment
gives an isomorphism of graded Λ-bimodules Ω 
The period of an m-fold mesh algebra
This section is devoted to compute the Ω-period of an m-fold mesh algebra Λ. That is, the smallest of the positive integers r such that Ω r Λ e (Λ) is isomorphic to Λ as a Λ-bimodule. We need to separate the case of Loewy length 2, for which the period has already been computed (see, e.g., [14] ), from the rest. We point out that the only connected self-injective algebras of Loewy length 2 are the m-fold mesh algebras A and that each of these is precisely the path algebra of a cyclic quiver modulo paths of length 2. Proof. The 'if' part is well-known. For the 'only if' part, note that we have the following formulas for the dimensions of the syzygies:
For r ≡ 1, 2 (mod 3) the equality dim(Ω r Λ e (Λ)) = dim(Λ) can occur if, and only if, dim(e i Λ) = 2, for each i ∈ Q 0 . But this can only happen when the Loewy length is 2, which is discarded.
By the previous lemma, we know that dim(Ω r Λ e (Λ)) = dim(Λ) whenever r ∈ 3Z. Due to the existence of an automorphismμ of Λ satisfying that Ω 3 Λ e (Λ) ∼ =μ Λ 1 as Λ-bimodules (see Proposition 5.3), in order to calculate the (Ω-)period of Λ, we just need to control the positive integers r such thatμ r is inner. For the sake of simplicity, we shall divide the problem into two steps. We begin by identifying the smallest u ∈ N such that (ν •τ −1 ) u = Id Λ , that is, the smallest u such thatμ u acts as the identity on vertices. This is the content of the next result.
Lemma 5.8. Let Λ = K(Z∆)/ ϕ be an m-fold mesh algebra of extended type (∆, m, t) and let us put u :
The following assertions hold:
1. If t = 1 then:
, whenever ∆ is D 2r , E 7 or E 8 .
If t = 2 then:
, whenever ∆ is D 2r ;
Proof. The argument that we used for ν in the first paragraph of the proof of Theorem 4.6 is also valid for (
, with n + 1 odd, or E 6 , the Nakayama permutation is ν = ρτ 1−n , where n = ′ is equal to (τ m ) v = τ mv , for some v ∈ Z. This happens exactly when 2nr ′ ∈ mZ and the smallest r ′ satisfying this is u ′ = m gcd(m,2n) . We then get that
if, and only if, there is v ∈ Z such that v ≡ r (mod 2) and −nr = mv. This is equivalent to saying that there is k ∈ Z such that −nr = m(r + 2k) or, equivalently, that (m + n)r ∈ 2mZ. The smallest r satisfying this property is u = . This proves 1.a, except for ∆ = A 2n , and 2.a.
Suppose next that ∆ is D n+1 , with n + 1 even, E 7 or E 8 . Then ν = τ 1−n , where n = . On the other hand, if t = 2 then τ −nr is in G = ρτ m if, and only if, there is v = 2v ′ ∈ 2Z such that −nr = mv = 2mv ′ . The smallest r satisfying this property is u = . This proves 1.b and 2.b.
Let us now take ∆ = A 2n . Then ν = ρτ 1−n , so that (ντ −1 ) r = ρ r τ −nr . If t = 1, this automorphism is in G = τ m if, and only if, r = 2r ′ is even and there exists v ∈ Z such that ρ
′ is equal to τ mv . This is equivalent to saying that (2n + 1)r ′ ∈ mZ. The smallest r ′ satisfying this property is u ′ = m gcd(m,2n+1) . We then get u = 2m gcd(m,2n+1) = 2m gcd(m,c∆) , which completes 1.a. When t = 2, the automorphism ρ r τ −nr is in G = ρτ m if, and only if, there exists v ∈ Z such that v ≡ r (mod 2) and ρ r τ −nr = ρ v τ mv . This is in turn equivalent to the existence of an integer k such that
That is, if and only if −nr = (2m−1)k+mr. This happens exactly when (m+n)r ∈ (2m−1)Z. The smallest r satisfying this property is u = 2m−1 gcd(m+n,2m−1) . But we have that gcd(m + n, 2m − 1) = gcd(2m − 1, 2n + 1), so that 2.c holds.
Finally, if t = 3, and hence ∆ = D 4 , then ν = τ −2 , so that (ντ
if, and only if, there is v = 3v ′ ∈ 3Z such that −3r = 3mv ′ . This happens exactly when r ∈ mZ, which implies that u = m in this case.
Lemma 5.9. Let Λ be an m-fold algebra of extended type (A r , m, 2) and let T be the subgroup of Z consisting of the integers s such thatμ s and (ν •τ −1 ) s are equal, up to composition by an inner automorphism of Λ. Then T = 2Z, when char(K) = 2, and T = Z, when char(K) = 2.
Proof. We can take η = ν in this case (see Theorem 4.2). By Corollary 5.5, we can assume that there is a G-invariant involutive automorphism h of B which fixes the vertices and acts on arrows as h(a) = (−1)
u(a) a, for each a ∈ Z∆ 1 , where u(a) ∈ Z 2 , such that either
Indeed the first situation, with h = κ, appears when ∆ = A 2n , and the second situation appears, with h = ϑ, when ∆ = A 2n−1 . Then, using Proposition 4.4, we get that T consists of the s ∈ Z such thath s ∈ Inn(Λ), whereh is the automorphism of Λ = B/G induced by h. The involutive condition of h implies that 2 ∈ T and, when char(K) = 2, also 1 ∈ T . The proof hence reduces to check thath ∈ Inn(Λ), when char(K) = 2. Proceeding as in the proof of Proposition 4.4, we have a map λ :
u(a) ), for all a ∈ Z∆ 1 . Due to Lemma 4.3, we just need to prove λ • ρτ m |Z∆0 = λ, where G =< ρτ m >. We study the possible situations:
Here we have h = κ, so that λ t(a) = −λ i(a) , for all a ∈ Z∆ 1 . It follows that s(τ −1 (a))+s(a) is equal to −1, when a is an upward arrow in the 'south' hemisphere or a downward arrow in the 'north' hemisphere, and it is equal to 1 otherwise. We then get that λ (k,n) = λ (k,n+j) and λ (k,n) = λ (k+j,n−j) , for all j = 0, 1, ..., n − 1, so that λ ρ(k,i) = λ (k,i) , for all (k, i) ∈ Z∆ 0 . It also follows that
c) When ∆ = A 2n−1 and m is even: We again have λ t(a) = (−1)
, for all a ∈ Z∆ 1 . We now consider the arrow a : (0, n) → (0, n + 1). Using Proposition 3.3, we see that we have the following formulas for the integers k ∈ {0, 1, ..., m − 1}:
Considering the path
and arguing as in the proof of Proposition 4.4, we conclude that λ (0,n) = (−1)
We are now ready to describe explicitly the period of any m-fold mesh algebra. , when m is odd. When (∆, m, t) = (A r , m, 2), by Proposition 5.3 and the subsequent remark, we can takē µ =η •τ −1 . Then Proposition 4.4 implies that S consists of the integers s such thatη s andτ s are equal, up to composition by an inner automorphism of Λ. We then get that S = uZ ∩ H(∆, m, t) (see Proposition 4.5). Therefore, Proposition 4.5 tells us that v = u, when either H(∆, m, t) = Z or u is even, and v = 2u otherwise. This completes the assertion for characteristic 2. We next check that, together with Proposition 4.5, it also gives all the remaining formulas of the theorem.
For the quivers ∆ in 1.a we always have that H(∆, m, t) = Z when ∆ = A r , and also in the other two cases when m is even. But if m is odd, then automatically u = 2m gcd(m,c∆) is even. For the quivers in 1.b, we always have that n = c∆ 2 is odd. Therefore u is even exactly when m is even. The reader should note that the case when t = 1 is also covered in Section 5 of [12] .
For the quivers in 2.a which are not A 2n−1 , we have that H(∆, m, t) = Z exactly when m is odd. But is odd if, and only if,
. Then the formula in 2.a is true also for the cases different from A 2n−1 . For 2.b, we have that c∆ 2 is odd, which implies that u is always even, and then the formula in 2.b is true.
Finally, when t = 3, we have that H(∆, m, t) = Z, exactly when m is even, and then the formula in 3) is automatic.
Inner and stably inner automorphisms
From now on, in this paper, we will denote by Λ−mod the category of finite dimensional Λ-modules and, given an automorphism φ of an algebra Λ, the functor : φ Λ 1 ⊗ Λ − : Λ − mod −→ Λ − mod will be denoted by φ (−). Recall from [25] that an automorphism σ of Λ is stably inner if the functor Lemma 5.11. Let Λ = KQ/I be a finite dimensional selfinjective algebra, where I is an admissible ideal of KQ which is homogeneous with respect to the grading by path length, and consider the induced grading on Λ. Suppose that the Loewy length of Λ is greater or equal than 4. A graded automorphism of Λ is inner if, and only if, it is stably inner. 
λ is a graded automorphism since so are ϕ and χ λ . It then follows that (ϕ • χ λ )(a) = a, for all a ∈ Q 1 , which implies that ϕ • χ λ = id Λ , and so ϕ = χ λ is inner.
Recall that Λ is a Nakayama algebra if each left or right indecomposable projective Λ-module is uniserial. We will need the following properties of self-injective algebras of Loewy length 2.
Proposition 5.12. Let Λ = KQ/KQ ≥2 be selfinjective algebra such that J(Λ) 2 = 0 and suppose that Λ does not have any semisimple summand as an algebra. The following assertions hold:
1. Λ is a Nakayama algebra and Q is a disjoint union of oriented cycles, with relations all the paths of length 2.
2. Λ is a finite direct product of m-fold mesh algebras of Dynkin graph ∆ = A 2 .
3. A graded automorphism ϕ of Λ is stably inner if, and only if, it fixes the vertices.
4. ϕ is inner if, and only if, it fixes the vertices and there exists an acyclic character χ :
5. If the quiver Q is connected with n vertices (whence an oriented cycle with Q 0 = Z n ), then Ω Λ e (Λ) is isomorphic to the Λ-bimoduleμΛ 1 , whereμ is the automorphism acting on vertices as the n-cycle (12...n) and on arrows asμ(a i ) = −a i+1 , where a i : i → i + 1 for each i ∈ Z n .
Proof. Assertion 1 is folklore. But A The only indecomposable objects in the stable category Λ − mod are the simple modules, all of which have endomorphism algebra isomorphic to K. It follows that each additive self-equivalence F : Λ − mod ∼ = −→ Λ − mod such that F (S) ∼ = S, for each simple module S, is naturally isomorphic to the identity. Since each automorphism ϕ of Λ induces the self-equivalence F = ϕ (−), assertion 3 is clear.
Assertion 4 follows directly from [23] [Theorem 12], taking into account that the only inner graded automorphism induced by an element 1 − x, with x ∈ J, is the identity (see the proof of Lemma 4.3).
Suppose now that Q is connected and has n vertices, so that Λ is either an m-fold mesh algebra of type A (m) 2 , and then n = 2m, or L (m) 1 , and then n = 2m−1. By the explicit definition of the minimal projective resolution of Λ as a bimodule (see [13] ), we get that Ω Λ e (Λ) is generated as a Λ-bimodule by the elements x i = a i ⊗ e i+1 − e i ⊗ a i (i ∈ Z n ). But we have ⊕ i∈Zn Λx i = Ω Λ e (Λ) = ⊕ i∈Zn x i Λ. Moreover, ifμ is the automorphism mentioned in assertion 5 and x = i∈Zn x i , then we have yx = xμ(y), whenever y is either a vertex or an arrow. It then follows that the assignment y yx gives an isomorphism of Λ-bimodules 1 Λμ−1
The stable Calabi-Yau dimension of an m-fold mesh algebra
In case Λ is a self-injective algebra, Auslander formula (see [6] , Chapter IV, Section 4) says that one has a natural isomorphism DHom Λ (X, −) ∼ = Ext We will denote it here by CY F − dim(Λ). We always have CY − dim(Λ) ≤ CY F − dim(Λ), but, in general, it is not known if the equality holds. We discuss now this problem for m-fold mesh algebras.
Note that, by [25] [Theorem 1.8], the functor Ω We are now able to calculate the stable and Frobenius Calabi-Yau dimension of self-injective algebras of Loewy length 2.
Proposition 5.13. Let Λ be a connected self-injective algebra of Loewy length 2. Then Λ is always a stably Calabi-Yau algebra and the following equalities hold: Proof. By Proposition 5.12, we know that Ω k+1 Λ e (Λ) is isomorphic toμk+1 Λ 1 , for each k ≥ 0. Then CY − dim(Λ) is the smallest of the natural numbers k such thatμ k+1η−1 is stably inner, which is equivalent to saying thatμ k+1η−1 fixes the vertices. Similarly, CY F − dim(Λ) is the smallest of the k such thatμ k+1η−1 is inner. Due to the fact that Λ is an m-fold mesh algebra of type A 2 , a (graded) Nakayama automorphism of Λ isν =ρτ 1−1 =ρ (see Theorem 4.2 and Proposition 3.1). It follows that the graded Nakayama automorphismη of Λ maps i i + 1 and a i a i+1 , when we identify Q 0 = Z n . It follows thatμη −1 fixes the vertices and, hence, it is stably inner. This shows that CY − dim(Λ) = 0.
More generally,μ k+1η−1 fixes the vertices if, and only if, i + k + 1 ≡ i + 1 (mod n), for each i ∈ Z n . That is, if and only if k ∈ nZ. Suppose that this property holds and consider the map χ : Q 1 −→ K * taking constant value (−1) k+1 . We clearly haveμ k+1η−1 (a i ) = (−1) k+1 a i = χ(a i )a i , for each i ∈ Z n . But χ is an acyclic character if, and only if, either char(K) = 2 or 1≤i≤n χ(a i ) = (−1) (k+1)n is equal to 1. So, when char(K) = 2, the automorphismμ k+1η−1 is inner for any value of k. In particular, CY F − dim(Λ) = 0 in such case.
Suppose that char(K) = 2. By Proposition 5.12, we get thatμ k+1η−1 is an inner automorphism if, and only if, (k + 1)n is even. This is always the case when n is even, and in such case CY F − dim(Λ) = 0. If n = 2m − 1 is odd then k + 1 should be even and the smallest k ∈ nZ satisfying this property is k = n. Then CY F − dim(Λ) = n = 2m − 1 in this case.
We also have: Proposition 5.14. Let Λ be an m-fold mesh algebra of Dynkin type ∆ different from A r , for r = 1, 2, 3. Then Λ is stably Calabi-Yau if, and only if, it is Calabi-Yau Frobenius. In such case the equality CY − dim(Λ) = CY F − dim(Λ) holds.
Proof. By Corollary 3.2, we know that the Loewy length of Λ is c ∆ − 1, where c ∆ is the Coxeter number. The Dynkin graphs ∆ = A r , with r = 1, 2, 3, are the only ones for which c ∆ − 1 ≤ 3. So Λ has Loewy length ≥ 4 in our case. Note that if Ω k+1 Λ e (Λ) is isomorphic to a twisted bimodule ϕ Λ 1 , then we have dim(Ω k+1 Λ e (Λ)) = dim(Λ). By Lemma 5.7, we know that then k + 1 ∈ 3Z. If there is a k such that Ω k+1 Λ e (Λ) ∼ = ϕη Λ 1 , for some inner or stably inner automorphism ϕ, then k = 3s − 1, for some integer s > 0. But we know that Ω 3 Λ e (Λ) ∼ =μΛ1, whereμ is a graded automorphism of Λ. We then have that Ω 3s Λ e (Λ) ∼ = ϕη Λ 1 , for some stably inner (resp. inner) automorphism ϕ if, and only if,μ sη−1 is a stably inner (resp. inner) automorphism of Λ. The proof is finished using Lemma 5.11 sinceμ sη−1 is a graded automorphism.
The proof of last proposition shows that if Λ is not of type A r (r = 1, 2), then the algebra Λ will be stably Calabi-Yau (resp. Calabi-Yau Frobenius) if, and only if, there exists an integer s > 0 such thatμ sη−1 is stably inner (resp. inner). A necessary condition for this is thatμ sη−1 fixes the vertices. So, as a first step to characterize the stably Calabi-Yau (resp. Calabi-Yau Frobenius) condition of Λ, we shall identify the positive integers s such thatμ s andη have the same action on vertices.
Definition 10. Let Λ be an m-fold mesh algebra of type ∆ = A 1 , A 2 , with quiver Q. We will define the following sets of positive integers: . Now the argument in the first paragraph of the proof of Theorem 4.6 can be applied to the automorphism ν s−1 τ −s . We then get that s ∈ N CY (Λ) if, and only if, ν s−1 τ −s ∈ G. We use this to identify the set N CY (Λ) for all possible extended types, and the result will be derived from that.
If t = 3 and so ∆ = D 4 , then we know that ν = τ −2 . It follows that s ∈ N CY (Λ) if, and only if, τ −2(s−1) τ −s = (ρτ m ) q , for some q ∈ Z, where ρ is the automorphism of order 3 of D 4 . By the free action of the group ρ, τ on vertices not fixed by ρ, necessarily q ∈ 3Z and 2 − 3s = mq, which is absurd. Then assertion 3 follows.
Suppose first that ∆ = A 2n . If ∆ is A 2n−1 , D 2r−1 or E 6 , then ν = ρτ 1−n , where n = m , we will consider the slice T = {(0, i) : i = 0, 3, 4, 5} ∪ {(1, 2), (2, 1)}, which is ρ-invariant, and then take I ′ = {τ −k (r, i) : (r, i) ∈ T and 0 ≤ k < m}. The paths w (0,i) (i = 0, 3, 4, 5) will be as in the case ϕ = τ , and we will define below the paths w (1, 2) and w (2, 1) . Then we will take w τ −k (r,j) = τ −k (w (r,j) ), for all (r, j) ∈ T and 0 ≤ k < m.
i. w (1, 2) is the path ′ wvwvβ ′ , for all k ∈ Z, while w (2r,3) = vwvwv and w (2r+1,3) = wvwvw. Note that, with the labeling of vertices that we are using, we have that ρ(k, i) = (k + i − 3, 6 − i) for each i = 0 and ρ(k, 0) = (k, 0). For each q ∈ Z, we put I ′ (q) := (ρτ −m ) q (I ′ ). When passing from a piece I ′ (q) to I ′ (q + 1) by applying ρτ −m , an arrow α is transformed in an arrow δ ′ and an arrow δ ′ in an arrow α. From the last two tables we then get that η(α) = ν(α) and η(δ ′ ) = ν(δ ′ ), for all arrows of the type α or δ ′ in Z∆. The argument of the previous paragraph can be applied to the pair of arrows (γ, β ′ ) instead of (α, δ ′ ) and we get from the last two tables that η(γ) = ν(γ) (resp. η(β ′ ) = −ν(β ′ )) when γ (resp. β ′ ) has its origin in I ′ (q), with q even, and η(γ) = −ν(γ) (resp. η(β ′ ) = ν(β ′ )) otherwise. From this the formulas in 3.b concerning γ and β ′ are clear. Next we apply the argument to the pair of arrows (δ, α ′ ) and get that η(δ) = −ν(δ) (resp. η(α ′ ) = −ν(α ′ )), for all arrows of type δ or α ′ in Z∆. An arrow of type ε (resp. ε ′ ) is transformed on one of the same type when applying ρτ −m . It then follows that η(ε) = −ν(ε), for any arrow of type ε. It also follows that η(ε ′ ) = −ν(ε ′ ), when the origin of ε ′ is (k, 0) with k ≡ −1 (mod m), and η(ε ′ ) = ν(ε ′ ) otherwise. We finally apply the argument to the pair of arrows (β, γ ′ ). If we look at the two pieces I ′ (0) and I ′ (1), then from the last two tables we see that if β : (k, 2) → (k, 3), with (k, 3) ∈ I ′ (0)∪I ′ (1), then η(β) = ν(β), when k ∈ {1, 2, ..., m−1, 2m}, and η(β) = −ν(β), when k ∈ {m, m + 1, ..., 2m − 1}. We then get that η(β) = (−1) q ν(β), where q is the quotient of dividing k by m. By doing the same with γ ′ : (k, 4) → (k + 1, 3), we see that η(γ ′ ) = −ν(γ ′ ), when k ∈ {0, 1, ..., m − 2, 2m − 1}, and η(γ ′ ) = ν(γ ′ ), when k ∈ {m − 1, m, ..., 2m − 2}. If now k ∈ Z is arbitrary, then we obtain that η(γ ′ ) = ν(γ ′ ) if, and only if, k ∈ t∈Z (2tm − 2, (2t + 1)m − 1). Equivalently, when q is odd and r = m − 1 or q is even and r = m − 1.
B. When ∆ = E 7 :
We consider the canonical slice I ′ = {(0, i) : i ∈ ∆ 0 }. Using the same notation as when ∆ = E 6 , we have in this case, among others, the equalities u 2 = w 3 = v 4 = 0, vwv = wvw − v 3 , and vwvwv = −wvwvw. Then, we consider
